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Dielectrophoresis of charged colloidal suspensions
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We present a theoretical study of dielectrophoretic~DEP! crossover spectrum of two polarizable particles
under the action of a nonuniform ac electric field. For two approaching particles, the mutual polarization
interaction yields a change in their respective dipole moments, and hence, in the DEP crossover spectrum. The
induced polarization effects are captured by the multiple image method. Using spectral representation theory,
an analytic expression for the DEP force is derived. We find that the mutual polarization effects can change the
crossover frequency at which the DEP force changes sign. The results are found to be in agreement with recent
experimental observation and as they go beyond the standard theory, they help to clarify the important question
of the underlying polarization mechanisms.
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I. INTRODUCTION

When a polarizable particle is subjected to an appl
electric field, a dipole moment is induced into it. The mov
ment of colloidal particles in an applied ac electric field
called dielectrophoresis@1#. It is typically used for microma-
nipulation and separation of biological cellular size particl
and it has recently been successfully applied to submic
size particles as well. Specific applications include dive
problems in medicine, colloidal science and nanotechnolo
e.g., separation of nanowires@2#, viruses@3#, latex spheres
@4,5#, DNA @6# and leukemic cells@7#, as well as lab-on-a-
chip designs@8#.

The dielectrophoretic~DEP! force exerted on a particle
can be either attractive or repulsive depending on the po
izability of the particle in comparison to the medium. For
nonuniform ac electric field, the magnitude and the direct
of the DEP force depends on the frequency, changes in
face charge density and free charges in the vicinity of
particle. The frequency at which the DEP force changes
sign is called the crossover frequencyf CF. Analysis of the
crossover frequency as a function of the host medium c
ductivity can be used to characterize the dielectric proper
of particles, and is at present the principal method of D
analysis for submicrometer particles@3,4#.

In the dilute limit, i.e., when a small volume fraction o
charged particles are suspended in an aqueous electr
solution, one can focus on the DEP spectrum of an individ
particle ignoring the mutual interactions between the p
ticles. Although the current theory@1# captures some of the
essential physics in the dilute case, it is not adequate@9–13#.
This is due to the fact that even for a single colloidal parti
in an electrolyte, it is not established that which mechanis
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control its dielectric properties. If the suspension is not
lute, the situation becomes even more complicated due to
mutual interactions between the particles. One should a
note that particles may aggregate due to the presence o
external field, even when the suspension is at the dilute li
under zero field conditions. In this case, the mutual inter
tions have to be included in the description.

In this article, we present a theoretical study of the D
spectrum of two spherical particles in the presence of a n
uniform ac electric field. We use the multiple image meth
@14#, which is able to capture the mutual polarization effec
Using the spectral representation theory@15#, we derive an
analytic expression for the DEP force and determine
crossover frequency. Our theoretical analysis shows that
induced mutual polarization interactions plays an import
role in DEP spectrum. In a more general framework, o
results demonstrate the importance of correlation effe
This is analogous to the findings in charged systems, wh
phenomena such as overcharging, or charge inversion~see,
e.g., Refs.@16,17#!, provide spectacular demonstrations
correlation effects.

As our starting point, we consider a pair of interactin
charged colloidal particles dispersed in an electrolyte so
tion. When the two particles approach each other, the mu
polarization interaction between them leads to changes
their respective dipole moments@18#, and hence also in the
DEP spectrum and crossover frequency. We analyze
cases:~1! longitudinal field (L), in which the field is parallel
to the line joining the centers of particles, and~2! transverse
field ~T! in which the field is perpendicular. The former co
responds to positive dielectrophoresis, where a particle
attracted to regions of high field and the latter to the oppo
case, referred to as negative dielectrophoresis.
©2003 The American Physical Society03-1
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This paper is organized as follows. In Sec. II we pres
the formalism and derive analytic expressions for the eff
tive dipole factors in spectral representation. In Sec. III,
use the analytical results to numerically solve the crosso
frequency, dispersion strength and DEP spectra under di
ent conditions. This is followed by a discussion of the resu
in Sec. IV.

II. FORMALISM AND ANALYSIS

First, we consider a single charged spherical particle s
pended in an electrolyte and subjected to a nonuniform
electric field. The DEP forceFDEP acting on the particle is
then given by@19#

FDEP5
1

4
pe2D3Re@b#“uEu2, ~1!

whereD is particle diameter,e2 the real dielectric constant o
host medium,E the local RMS electric field, and Re@b# the
real part of the dipole factor~also called Clausius-Mossot
factor!

b5
ẽ12 ẽ2

ẽ112ẽ2

. ~2!

Here, ẽ1 and ẽ2 are the complex dielectric constants of t
particle and the host medium, respectively. In order for
two above equations to be valid in an ac field, the dielec
constant must include dependence on the frequency.
complex frequency dependent dielectric constant is defi
as

ẽ5e1
s

i2p f
,

wheree is the real dielectric constant,s denotes conductiv-
ity, f the frequency of the external field, andi[A21.

The conductivity of a particle consists of three comp
nents: Its bulk conductivity (s1bulk), surface effects due to
the movement of charge in the diffuse double layer~conduc-
tancekd), and the Stern layer conductance (ks), i.e.,

s15s1bulk1
4kd

D
1

4ks

D
. ~3!

The diffuse double layer conductancekd can be given as@20#

kd5
4Fa

2cz2J~113L/z2!

R0T0k FcoshS zFaz

2R0T0
D21G , ~4!

where J is the ion diffusion coefficient,z the valency of
counterions,Fa the Faraday constant,R0 the molar gas con-
stant,z the electrostatic potential at the boundary of the s
plane andT0 the temperature. The reciprocal Debye lengthk
providing a measure for screening on the system is given

k5A 2czFa
2

e2R0T0
, ~5!
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wherec is the electrolyte concentration. ParameterL in Eq.
~4! describes the electro-osmotic contribution tokd , and it is
given by

L5S R0T0

Fa
D 2 2e2

3hJ
, ~6!

whereh is the viscosity of medium. In addition, the Ste
layer conductanceks has the form@11#

ks5
um rS

2zFa
, ~7!

whereu is the surface charge density,S molar conductivity
for a given electrolyte, andm r gives the ratio between the io
mobility in the Stern layer to that in the medium.

For a pair of particles at a separationR suspended in an
electrolyte, we have to consider the multiple image effe
We consider two spheres in a medium, and apply an unifo
electric fieldE05E0ẑ to the suspension. This induces a d
pole moment into each of the particles. The dipole mome
of particles 1 and 2 are given byp10 and p20([p10
5e2E0D3b/8), respectively.

Next, we include the image effects. The dipole mome
p10 induces an image dipolep11 into sphere 2, whilep11
induces another image dipole in sphere 1. As a result, m
tiple images are formed. Similarly,p20 induces an imagep21
into colloid 1. The formation of multiple images leads to a
infinite series of image dipoles.

In the following, we obtain the sum of dipole momen
inside each particle, and derive the desired expressions
dipole factors. We consider two basic cases:~1! longitudinal
field (L), where the field is parallel to the line joining th
centers of particles, and~2! transverse field (T), where the
field is perpendicular to the line joining the centers of p
ticles. Using the above notation, the effective dipole fact
for a pair are given by@14#

bL* 5b(
n50

`

~2b!nF sinha

sinh~n11!a G3

,

~8!

bT* 5b(
n50

`

~2b!nF sinha

sinh~n11!aG3

,

wherea is defined via cosha5R/D. The summations in Eqs
~8! include the multiple image effects, then50 term giving
the dipole factor of an isolated particle.

We have to derive the analytic expressions for Re@bL* #
and Re@bT* # to resolve the DEP force in Eq.~1!. To do that,
we resort to spectral representation theory. It offers the
vantage of being able to separate the material parame
~such as dielectric constant and conductivity! from structural
information @15# in a natural way.

Let us begin by defining a complex material parametes̃

51/(12 ẽ1 / ẽ2). Using this, the dipole factor for a pair take
the form
3-2
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b* 5 (
n51

`
Fn

s̃2sn

, ~9!

where n is a positive integer, andFn and sn are thenth
microstructure parameters of the composite material@15#. As
an example, the dipole factor of an isolated particle in sp
tral representation expression becomesb5F1 /( s̃2s1),
whereF1521/3 ands151/3.

In order to obtain expressions for the dipole factorsbL*
andbT* in Eqs.~8!, we introduce the following identity:

1

sinh3x
5 (

m51

`

4m~m11!exp@2~112m!x#.

Its application into Eqs.~8! yields the exact transformations

bL* 5 (
m51

` Fm
(L)

s̃2sm
(L)

,

~10!

bT* 5 (
m51

` Fm
(T)

s̃2sm
(T)

,

where themth components of the microstructure parame
of the composite material are given as

Fm
(L)[Fm

(T)52
4

3
m~m11!sinh3aexp@2~2m11!a#,

sm
(L)5

1

3
$122exp@2~112m!a#%,

sm
(T)5

1

3
$11exp@2~112m!a#%.

To make this approach more tractable, we introduce
mensionless dielectric constant and conductivity@21#, s
51/(12e1 /e2) and t51/(12s1 /s2), respectively. Now,
we are able to separate the real and imaginary parts of
arguments in the expressions forbL* andbT* in Eq. ~10!. The
argument can be rewritten as

Fm

s̃2sm

5S Fm

s2sm
1

Dem

11 f 2/ f mc
2 D 2 i

Demf / f mc

11 f 2/ f mc
2

, ~11!

where

Dem5Fm

s2t

~ t2sm!~s2sm!
~12!

and

f mc5
1

2p

s2s~ t2sm!

e2t~s2sm!
. ~13!

The analytic expressions for Re@bL* # and Re@bT* # @Eq. ~10!#
become
02140
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Re@bL* #5 (
m51

` S Fm
(L)

s2sm
(L)

1
Dem

(L)

11 f 2/ f mc
2(L)D ,

~14!

Re@bT* #5 (
m51

` S Fm
(T)

s2sm
(T)

1
Dem

(T)

11 f 2/ f mc
2(T)D .

Using these, we can obtain the DEP forceFDEP which in-
cludes corrections due to the image effects. The DEP sp
trum consists of a series of subdispersions with strengthDem
and characteristic frequencyf mc. In particular, the frequency
which yieldsF50, namely, Re@b* #50, is the desired cross
over frequencyf CF.

III. NUMERICAL RESULTS

The above formalism enables us to study the effects
to multiple images under different physical conditions and
compare the theory to experimental results. In the followi
we compare the crossover frequency of an isolated particl
that of two particles at different separations. We study
effects due to multiple images by varying medium condu
tivity, the z potential, medium viscosity, surface charge de
sity, real dielectric constant of the particle and molar cond
tivity. Finally, we have computed the DEP spectrum and
dispersion strength.

The common parameters used in all numerical compu
tions are the following: TemperatureT05293 K, dielectric
constant of host mediume2578e0, bulk conductivity of the
colloidal particles1bulk52.831024 S/m, ion diffusion co-
efficient J52.531029 m2/s, the ratio between the ion mo
bility in the Stern layer to that in the mediumm r50.35,
particle diameterD52.1631027 m, counterion valencyz
51. The dielectric constant of vacuum is denoted bye0.

Figure 1 shows the DEP crossover frequency as a func
of medium conductivity for an isolated particle and for tw
particles at different separations. In agreement with rec
experiments@22#, we find that a peak in the crossover fr
quency appears at a certain medium conductivity. The
pearance of a peak is preceded by an increase off CF upon
increasing medium conductivity and followed by an abru
drop @11,22#. Compared to an isolated particle, the multip
image effect leads to a redshift~blue shift! in f CF in the
longitudinal~transverse! field case. Furthermore, for longitu
dinal ~transverse! field, the stronger the polarization intera
tion, the lower~higher! the crossover frequency. In addition
it is worth noting that the effect of the multiple images is t
opposite in the longitudinal and transverse cases. As the r
R/D grows, the predicted crossover spectrum approache
that of an isolated particle, i.e., at large separations the m
tiple image interaction becomes negligible.

Motivated by a recent experiment@13#, we analyzed the
effect of particle size on the crossover frequency by keep
the ratio R/D fixed and varying the particle diameter. I
agreement with the experiments, we find that the location
the peak is shifted to higher frequencies and higher cond
tivities when the diameter of the particle is reduced, s
Fig. 2.
3-3
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Figure 3 displays the effect of thez potential. It has been
experimentally observed by Hughes and Green@11# that de-
creasing thez potential may redshift the DEP crossover fr
quency. The system used by them contained many la
beads suspended in a solution, and hence the multipola

FIG. 1. DEP crossover frequency vs medium conductivity for
isolated particle~solid line! and two particles at different separa
tions. L denotes longitudinal field case andT transverse field case
Parameters:z50.12 V, h51.031023 Kg/(ms), u50.033 C/m2,
S50.014 Sm2/mol, e152.25e0.

FIG. 2. DEP crossover frequency vs medium conductivity wh
the particle size is varied. Parameters as in Fig. 1.
02140
ex
in-

teraction is expected to play a role. Our results are in qu
tative agreement with the above experimental findings. F
thermore, an increase in thez potential leads to higherf CF in
both the longitudinal and transverse field cases. Simila
increasing the real part of the dielectric constant leads to
increase inf CF, as displayed in Fig. 4. Increasing the visco
ity of the medium~figure not shown here!, however, has
exactly the opposite effect for both the longitudinal a
transverse field cases.

n

n

FIG. 3. DEP crossover frequency vs medium conductivity
different z potentials. Parameters as in Fig. 1.

FIG. 4. DEP crossover frequency vs medium conductivity. T
real part of the dielectric constant is varied. Parameters as in Fi
3-4
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Figure 5 shows the effect of molar conductivityS on
crossover frequency. For small medium conductivities~here,
s2,1022 S/m), increasingS leads to an increase in th
crossover frequency. However, there is a crossover a
which lower values ofS yield higher f CF. Similar behavior
for the low surface conductivity regime has been observe
experiments@11#, but the authors are not aware of any sy
tematic study of the molar conductivity onf CF. As Fig. 5
shows, the effect is similar for both longitudinal and tran
verse fields.

Figure 6 shows the effect of varying the surface cha
density on the crossover frequency. Variations in the surf
charge density lead to more pronounced effects in the
frequency region, but close to the peak the variations dif
ences are very small. In addition, the location of the pea
only weakly dependent on surface charge density. These
sults are in agreement with the experimental observation
Green and Morgan@13#.

In Fig. 7, we investigate the real part of the dipole fact
and thus the DEP force. The figure shows that the effect
to multiple image plays an important role at low frequen
region when the particles separation is not large, wherea
effect is smaller in the high frequency region. In the lo
frequency region, the DEP force is to be enhanced~reduced!
due to the presence of multiple images for longitudin
~transverse! field case. As the particle separation grows,
multiple image effect becomes negligible as expected.
also studied the effect of particle size on the real part of
dipole factor and the effect of multiple images increases
the particle size decreases, and the effect is stronger in
longitudinal field case.

Finally, in Fig. 8, we plot the dispersion strengths (Dem
(L)

and Dem
(T)) as a function of the characteristic frequenc

FIG. 5. The effect of molar conductivity on the DEP crossov
frequency. Parameters as in Fig. 1.
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(L) and f mc

(T)), for m51 to 100 with different medium con
ductivitiess2. Here,m is a positive integer, andFm andsm
are the microstructure parameters of the composite mate
see Eqs.~11!–~13!. Hence,Dem and f mc are themth disper-
sion strength and characteristic frequency due to the pres
of multiple images as discussed in Sec. II.

The advantage of using the spectral representation th
is shown in Fig. 8. Based on Fig. 7, it may appear that o

r
FIG. 6. The effect of surface charge density on the DEP cro

over frequency. Parameters as in Fig. 1.

FIG. 7. DEP spectrum~the real part of the dipole factor!. Pa-
rameters as in Fig. 1.
3-5
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one dispersion exist. Figure 8 shows, however, that sub
persions with strengthDem and characteristic frequencyf mc
coexist, and most of them lie close to the main dispers
Thus, the spectral representation theory helps us to
more detailed information about the system and it provide
detailed comparison between the longitudinal and transv
field cases.

At a givens2, for the longitudinal~transverse! field case,
increasingm leads to corresponding subdispersions in
characteristic frequency due to the presence of multiple
ages. The crossover frequenciesf c are 3.493106 Hz, 1.0
3107 Hz, and 1.43107 Hz ~Fig. 8!. From Fig. 8 we find
that at a lower medium conductivity~say, s251.0
31024 S/m), multiple images have a stronger effect on
DEP spectrum for the longitudinal field case than for t
transverse field. This is also apparent in Fig. 7 as well. Mo
over, for longitudinal field case the multiple images play
role in the low frequency range~i.e., smaller thanf c). For
the transverse field the situation is the opposite. At a lar
s2 ~say, s255.031023 S/m or s251.031022 S/m), the
subdispersion strengths for the two cases have only a m
difference. These observations may partly explain the res
of Green and Morgan@13# whose data suggests that the
exists a dispersion below the frequencies predicted by
current theory. The importance of these observation lies
the fact that they help to clarify the interesting question
which polarization mechanisms are present.

FIG. 8. Dispersion strength vs the characteristic frequency
different medium conductivities. Parameters:z50.12V, h51.0
31023 Kg/(ms), R/D51.03, e152.25e0 , u50.033 C/m2, S
50.014 Sm2/mol. The lines are drawn as a guide to the eye.
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IV. DISCUSSION AND CONCLUSION

In this study, we have investigated the crossover spect
of two approaching polarizable particles in the presence o
nonuniform ac electric field. When the two particles a
proach, the mutual polarization interaction between the p
ticles leads to changes in the dipole moments of each of
individual particles, and hence in the DEP crossover sp
trum. This can be interpreted as a correlation effect ana
gous to those seen in charged systems@16#.

For charged particles, there is a coexistence of an elec
phoretic and a dielectrophoretic force in the presence o
nonuniform ac electric field. The DEP force always poin
towards the region of high field gradient. It does not oscilla
with the change of direction of the field. In contrast, t
electrophoretic force points along the direction of field, a
hence is oscillatory under the same conditions. How to se
rate the DEP force from the electrophoretic force is a qu
tion of interest in many experimental setups@6,23#. In differ-
ent frequency ranges, either the electrophoretic force or
DEP force dominates, and the transition from one to
other occurs at a frequencyf tr , which has been approxi
mately determined@4#. Here, we have chosen a frequen
region where electrophoretic effects are negligible and
DEP force dominates. In addition, although we are at fin
temperature, Brownian motion is not included in our ana
sis. In experiments Brownian motion is always present a
has posed difficulties in dielectrophoresis of submicrome
particles. However, with current techniques it is possible
access also this range@4,5#.

One of the interesting questions is what happens, w
the volume fraction of the suspension becomes large. It tu
out that it is possible to extend our approach by taking i
account local field effects which may modify the DEP cros
over spectrum. Work is in progress to address these q
tions. In addition to dielectrophoresis, the extension of
present approach is also of interest from the point of view
electrorotation.

To summarize, using the multiple image method, we ha
been able to capture mutual polarization effects of two
proaching particles in an electrolyte. Using spectral repres
tation theory, we derived an analytic expression for the D
force, and using that the crossover frequency was de
mined. From the theoretical analysis, we find that the mut
polarization effects can change the crossover frequency
stantially.

ACKNOWLEDGMENTS

This work has been supported by the Research Gr
Council of the Hong Kong SAR Government under Proje
No. CUHK 4245/01P, and by the Academy of Finland Gra
No. 54113~M.K.!. J.P.H. is grateful to Professor K. Kaski fo
helpful discussions.

r

3-6



,

re

R

ev

o

io

X.

e

d.

ce

l,

DIELECTROPHORESIS OF CHARGED COLLOIDAL . . . PHYSICAL REVIEW E 67, 021403 ~2003!
@1# H. A. Pohl, Dielectrophoresis~Cambridge University Press
Cambridge, 1978!.

@2# X. Duan, Y. Huang, Y. Cui, J. Wang, and C.M. Lieber, Natu
~London! 409, 66 ~2001!.

@3# M.P. Hughes, H. Morgan, F.J. Rixon, J.P.H. Burt, and
Pethig, Biochim. Biophys. Acta1425, 119 ~1998!.

@4# H. Morgan, M.P. Hughes, and N.G. Green, Biophys. J.77, 516
~1999!.

@5# C. Marquet, A. Buguin, L. Talini, and P. Silberzan, Phys. R
Lett. 88, 168301~2002!.

@6# C.F. Chou, J.O. Tegenfeldt, O. Bakajin, S.S. Chan, E.C. C
N. Darnton, T. Duke, and R.H. Austin, Biophys. J.83, 2170
~2002!.

@7# K. Ratanachoo, P.R.C. Gascoyne, and M. Ruchirawat, B
chim. Biophys. Acta1564, 449 ~2002!.

@8# Y. Huang, S. Joo, M. Duhon, M. Heller, B. Wallace, and
Xu, Anal. Chem.74, 3362~2002!.

@9# C. Chassagne, D. Bedeaux, and G.J.M. Koper, J. Phys. Ch
B 105, 11743~2001!.

@10# J.C. Baygents, Colloids Surf., A92, 67 ~1994!.
@11# M.P. Hughes and N.G. Green, J. Colloid Interface Sci.250,

266 ~2002!.
02140
.

.

x,

-

m.

@12# B. Khusid and A. Acrivos, Phys. Rev. E54, 5428~1996!.
@13# N.G. Green and H. Morgan, J. Phys. Chem. B103, 41 ~1999!.
@14# K.W. Yu and J.T.K. Wan, Comput. Phys. Commun.129, 177

~2000!.
@15# D.J. Bergman, Phys. Rep.43, 379 ~1978!.
@16# A.Y. Grosberg, T.T. Nguyen, and B.I. Shklovskii, Rev. Mo

Phys.74, 329 ~2002!.
@17# M. Patra, M. Patriarca, and M. Karttunen, Phys. Rev. E~to be

published!, URL http://xxx.lanl.gov/abs/physics/0211006.
@18# J.P. Huang, K.W. Yu, and G.Q. Gu, Phys. Rev. E65, 021401

~2002!.
@19# T. B. Jones,Electromechanics of Particles~Cambridge Univer-

sity Press, Cambridge, 1995!.
@20# J. Lyklema,Fundamentals of Interface and Colloid Scien

~Academic Press, London, 1995!.
@21# J. Lei, J.T.K. Wan, K.W. Yu, and H. Sun, Phys. Rev. E64,

012903~2001!.
@22# M.P. Hughes, J. Colloid Interface Sci.250, 291 ~2002!.
@23# A. Bruckbauer, L. Ying, D. Zhou, A.I. Shevchuk, C. Abel

Y.E. Korchev, and D. Klenerman, J. Am. Chem. Soc.124,
8810 ~2002!.
3-7


