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Dielectrophoresis of charged colloidal suspensions
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We present a theoretical study of dielectrophoré@&P) crossover spectrum of two polarizable particles
under the action of a nonuniform ac electric field. For two approaching particles, the mutual polarization
interaction yields a change in their respective dipole moments, and hence, in the DEP crossover spectrum. The
induced polarization effects are captured by the multiple image method. Using spectral representation theory,
an analytic expression for the DEP force is derived. We find that the mutual polarization effects can change the
crossover frequency at which the DEP force changes sign. The results are found to be in agreement with recent
experimental observation and as they go beyond the standard theory, they help to clarify the important question
of the underlying polarization mechanisms.
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[. INTRODUCTION control its dielectric properties. If the suspension is not di-
lute, the situation becomes even more complicated due to the
When a polarizable particle is subjected to an appliednutual interactions between the particles. One should also
electric field, a dipole moment is induced into it. The move-note that particles may aggregate due to the presence of an
ment of colloidal particles in an applied ac electric field is external field, even when the suspension is at the dilute limit
called dielectrophoresi4]. It is typically used for microma- under zero field conditions. In this case, the mutual interac-
nipulation and separation of biological cellular size particlestions have to be included in the description.
and it has recently been successfully applied to submicron In this article, we present a theoretical study of the DEP
size particles as well. Specific applications include diversespectrum of two spherical particles in the presence of a non-
problems in medicine, colloidal science and nanotechnologyyniform ac electric field. We use the multiple image method
e.g., separation of nanowir¢g], viruses[3], latex spheres [14], which is able to capture the mutual polarization effects.
[4,5], DNA [6] and leukemic cell$7], as well as lab-on-a- Using the spectral representation theptp], we derive an
chip designg8]. analytic expression for the DEP force and determine the
The dielectrophoreti¢dDEP) force exerted on a particle crossover frequency. Our theoretical analysis shows that the
can be either attractive or repulsive depending on the polainduced mutual polarization interactions plays an important
izability of the particle in comparison to the medium. For arole in DEP spectrum. In a more general framework, our
nonuniform ac electric field, the magnitude and the directiorresults demonstrate the importance of correlation effects.
of the DEP force depends on the frequency, changes in sufhis is analogous to the findings in charged systems, where
face charge density and free charges in the vicinity of thgghenomena such as overcharging, or charge inversiee,
particle. The frequency at which the DEP force changes ite.g., Refs.[16,17]), provide spectacular demonstrations of
sign is called the crossover frequenfy:. Analysis of the correlation effects.
crossover frequency as a function of the host medium con- As our starting point, we consider a pair of interacting
ductivity can be used to characterize the dielectric propertiesharged colloidal particles dispersed in an electrolyte solu-
of particles, and is at present the principal method of DERion. When the two particles approach each other, the mutual
analysis for submicrometer particlg3,4]. polarization interaction between them leads to changes in
In the dilute limit, i.e., when a small volume fraction of their respective dipole momen$8], and hence also in the
charged particles are suspended in an aqueous electrolyB EP spectrum and crossover frequency. We analyze two
solution, one can focus on the DEP spectrum of an individuatases(1) longitudinal field L), in which the field is parallel
particle ignoring the mutual interactions between the pario the line joining the centers of particles, af®) transverse
ticles. Although the current theoffyl] captures some of the field (T) in which the field is perpendicular. The former cor-
essential physics in the dilute case, it is not adeqi#td 3. responds to positive dielectrophoresis, where a particle is
This is due to the fact that even for a single colloidal particleattracted to regions of high field and the latter to the opposite
in an electrolyte, it is not established that which mechanismsase, referred to as negative dielectrophoresis.
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This paper is organized as follows. In Sec. Il we presentvherec is the electrolyte concentration. Parametem Eq.
the formalism and derive analytic expressions for the effec{4) describes the electro-osmaotic contributiorktg and it is
tive dipole factors in spectral representation. In Sec. Ill, wegiven by
use the analytical results to numerically solve the crossover

frequency, dispersion strength and DEP spectra under differ- RoTo\? 2¢,
ent conditions. This is followed by a discussion of the results A= = 3,5 (6)
in Sec. IV. a l S0=

where 7 is the viscosity of medium. In addition, the Stern
layer conductanc&, has the forn]11]

First, we consider a single charged spherical particle sus-
pended in an electrolyte and subjected to a nonuniform ac _quE
electric field. The DEP forc&pgp acting on the particle is S 2zF,’
then given by[19]

Il. FORMALISM AND ANALYSIS

)

whereu is the surface charge densiy, molar conductivity
1 3 2 for a given electrolyte, angd, gives the ratio between the ion
Foep=— me;,D3Re b]V|E|%, (1) give yte, ang, gives t ,
mobility in the Stern layer to that in the medium.
For a pair of particles at a separatiBsuspended in an
electrolyte, we have to consider the multiple image effect.
We consider two spheres in a medium, and apply an uniform

electric field E0=E02 to the suspension. This induces a di-
pole moment into each of the particles. The dipole moments
PR of particles 1 and 2 are given by, and po(=p1g

b=—— <. (2)  =e€ED3b/8), respectively.
€1+2€ Next, we include the image effects. The dipole moment
~ ~ p1o induces an image dipolp,, into sphere 2, whilep;
Here, e; and e, are the complex dielectric constants of the induces another image dipole in sphere 1. As a result, mul-
particle and the host medium, respectively. In order for thqip|e images are formed. Similarlp,, induces an image,;
two above equations to be valid in an ac field, the dielectridnto colloid 1. The formation of multiple images leads to an
constant must include dependence on the frequency. Th@finite series of image dipoles.
complex frequency dependent dielectric constant is defined |n the following, we obtain the sum of dipole moments
as inside each particle, and derive the desired expressions for
dipole factors. We consider two basic casds:longitudinal
Yot field (L), where the field is parallel to the line joining the
i2mf’ centers of particles, an@) transverse field ), where the
i . . . field is perpendicular to the line joining the centers of par-
wheree is the real dielectric constant; denotes conductiv- ticles. Using the above notation, the effective dipole factors

|ty, f the frequency of the external f|e|d, ang Vv—1. for a pair are given by14]
The conductivity of a particle consists of three compo-

nents: Its bulk conductivity €1, surface effects due to

whereD is particle diametere, the real dielectric constant of
host mediumE the local RMS electric field, and Rie] the
real part of the dipole factofalso called Clausius-Mossotti
factor)

J : o0 - h 3
the movement of charge in the diffuse double la§eamduc- b *=b>, (2b)" L ,
tancek,), and the Stern layer conductande)( i.e., n=0 sinf(n+1)
()
4kd 4|(S *© inh 3
o1=010ukt 5 T 5 3 * _ _pyn| e
b D br bz‘o (—b) sinhin+1)a| ’

The diffuse double layer conductankgcan be given ag20]
whereq is defined via cosk=R/D. The summations in Egs.
zF ¢ (8) include the multiple image effects, time=0 term giving
03"( 2R, T, .+ (4 the dipole factor of an isolated particle.

We have to derive the analytic expressions foff ifd
where E is the ion diffusion coefficientz the valency of and Rb3] to resolve the DEP force in Eql). To do that,
counterionsf, the Faraday constariR, the molar gas con- we resort to spectral representation theory. It offers the ad-
stant,{ the electrostatic potential at the boundary of the slipvantage of being able to separate the material parameters
plane andT, the temperature. The reciprocal Debye length (such as dielectric constant and conductivitpm structural
providing a measure for screening on the system is given binformation[15] in a natural way.

AF2cZE(1+3A/Z%)
a- RoTox

Let us begin by defining a complex material paramster
=\ /ﬂ, (5) =L(1—¢/e,). Using this, the dipole factor for a pair takes
€2RoTo the form
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b*

>

n=1 s—s,

9)

wheren is a positive integer, ané, and s, are thenth
microstructure parameters of the composite matgiial. As

an example, the dipole factor of an isolated particle in spec-

tral representation expression becombs-F,/(s—s;),
whereF;=—1/3 ands;=1/3.

In order to obtain expressions for the dipole factbfs
andbj in Egs.(8), we introduce the following identity:

Am(m+1)exd — (1+2m)x].

Its application into Eqs(8) yields the exact transformations,

)
(10

[

>

m=1

.
F(

50

b =
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o

Rebf 1= >

m=1

L L
FO  ab

+ L
1+f2/f§$§)>

s—st)
(14)
1=

+ .
m=1 | s—s{ 1+f2/f§<§>>

Using these, we can obtain the DEP foregzp which in-
cludes corrections due to the image effects. The DEP spec-
trum consists of a series of subdispersions with streAgth

and characteristic frequendy,.. In particular, the frequency
which yieldsF =0, namely, REb* ]=0, is the desired cross-
over frequencyf .

IIl. NUMERICAL RESULTS

The above formalism enables us to study the effects due
to multiple images under different physical conditions and to
compare the theory to experimental results. In the following,
we compare the crossover frequency of an isolated particle to
that of two particles at different separations. We study the
effects due to multiple images by varying medium conduc-
tivity, the £ potential, medium viscosity, surface charge den-

where themth components of the microstructure parametersity, real dielectric constant of the particle and molar conduc-

of the composite material are given as

4
FH=F(D=— 3M(m+1)sintPaex - (2m+1)a],
w1
S =§{1—2exq—(1+ 2m)al},

s<T>=3{1+exq—(1+2m)a]}
m 3 "

To make this approach more tractable, we introduce di

mensionless dielectric constant and conductiViiBd], s
=1/(1-€;/€e;) and t=1/(1-0,/0,), respectively. Now,

we are able to separate the real and imaginary parts of t

arguments in the expressions fif andb¥ in Eq. (10). The
argument can be rewritten as

F F A Ae flf
_ m__ m n Emz i €m r2nc' (11)
S—sy \S™Sm 1+fYf2 ) 1+f¥f2,
where
Ae —F — L 12
ém= Pt s (5=, 12
and
1 o,8(t—s
Frnc S 5m) (13

27 et(s—sy)

The analytic expressions for R ] and R¢b3] [Eq. (10)]
become

tivity. Finally, we have computed the DEP spectrum and the
dispersion strength.

The common parameters used in all numerical computa-
tions are the following: Temperatufg,= 293 K, dielectric
constant of host mediura, = 78e¢,, bulk conductivity of the
colloidal particle oy, =2.8X10"% S/m, ion diffusion co-
efficient 2 =2.5x10"° m?/s, the ratio between the ion mo-
bility in the Stern layer to that in the medium,=0.35,
particle diameteD=2.16x10 ' m, counterion valency
=1. The dielectric constant of vacuum is denotedegy

Figure 1 shows the DEP crossover frequency as a function
of medium conductivity for an isolated particle and for two
particles at different separations. In agreement with recent
experimentd22], we find that a peak in the crossover fre-

uency appears at a certain medium conductivity. The ap-

earance of a peak is preceded by an increask®tipon
increasing medium conductivity and followed by an abrupt
drop[11,22. Compared to an isolated particle, the multiple
image effect leads to a redshifblue shif) in fe in the
longitudinal (transversgfield case. Furthermore, for longitu-
dinal (transversgfield, the stronger the polarization interac-
tion, the lower(highep the crossover frequency. In addition,
it is worth noting that the effect of the multiple images is the
opposite in the longitudinal and transverse cases. As the ratio
R/D grows, the predicted crossover spectrum approaches to
that of an isolated patrticle, i.e., at large separations the mul-
tiple image interaction becomes negligible.

Motivated by a recent experimeft3], we analyzed the
effect of particle size on the crossover frequency by keeping
the ratio R/D fixed and varying the particle diameter. In
agreement with the experiments, we find that the location of
the peak is shifted to higher frequencies and higher conduc-
tivities when the diameter of the particle is reduced, see
Fig. 2.
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FIG. 1. DEP crossover frequency vs medium conductivity foran  FIG. 3. DEP crossover frequency vs medium conductivity for
isolated particle(solid line) and two particles at different separa- different{ potentials. Parameters as in Fig. 1.
tions. L denotes longitudinal field case afidransverse field case.
Parametersy=0.12 V, 5=1.0x10 3 Kg/(ms), u=0.033 C/nj,
3.=0.014 SM/mol, €;=2.25,.

teraction is expected to play a role. Our results are in quali-
tative agreement with the above experimental findings. Fur-
thermore, an increase in tifegpotential leads to highdir in

both the longitudinal and transverse field cases. Similarly,

. ~increasing the real part of the dielectric constant leads to an
experimentally observed by Hughes and Grgir] that de increase irf ¢, as displayed in Fig. 4. Increasing the viscos-

creasing the potential may redshift the DEP crossover fre- ity of the medium (figure not shown heje however, has

P ’ P transverse field cases.

Figure 3 displays the effect of thepotential. It has been

T T T
T T T -
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FIG. 2. DEP crossover frequency vs medium conductivity when
the particle size is varied. Parameters as in Fig. 1.

FIG. 4. DEP crossover frequency vs medium conductivity. The
real part of the dielectric constant is varied. Parameters as in Fig. 1.
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FIG. 5. The effect of molar conductivity on the DEP crossover

A FIG. 6. The effect of surface charge density on the DEP cross-
frequency. Parameters as in Fig. 1.

over frequency. Parameters as in Fig. 1.

Figure 5 shows the effect of molar conductiviy on
crossover frequency. For small medium conductivitlesre,  (f(2 andf{7)), for m=1 to 100 with different medium con-
0,<1072 S/m), increasing® leads to an increase in the ductivitieso,. Here,mis a positive integer, anB,, ands;,
crossover frequency. However, there is a crossover afteare the microstructure parameters of the composite material,
which lower values of yield higherfe. Similar behavior see Eqs(11)—(13). Hence Ae,, andf . are themth disper-
for the low surface conductivity regime has been observed iion strength and characteristic frequency due to the presence
experimentg11], but the authors are not aware of any sys-of multiple images as discussed in Sec. Il.
tematic study of the molar conductivity oixr. As Fig. 5 The advantage of using the spectral representation theory
shows, the effect is similar for both longitudinal and trans-is shown in Fig. 8. Based on Fig. 7, it may appear that only
verse fields.

Figure 6 shows the effect of varying the surface charge 0.75 . . . .

density on the crossover frequency. Variations in the surface
charge density lead to more pronounced effects in the low
frequency region, but close to the peak the variations differ-
ences are very small. In addition, the location of the peak is
only weakly dependent on surface charge density. These re-

| — lsolated particle

Re[Dipole factor]

. . . . -0.25
sults are in agreement with the experimental observations of o ggj:g
Green and Morgahl3]. — — R/ID=1.03 L

In Fig. 7, we investigate the real part of the dipole factor,
and thus the DEP force. The figure shows that the effect due
to multiple image plays an important role at low frequency 0.75
region when the particles separation is not large, whereas its
effect is smaller in the high frequency region. In the low
frequency region, the DEP force is to be enhangeduced
due to the presence of multiple images for longitudinal

(transversgfield case. As the particle separation grows, the
multiple image effect becomes negligible as expected. We
also studied the effect of particle size on the real part of the
dipole factor and the effect of multiple images increases as
the particle size decreases, and the effect is stronger in the
longitudinal field case.

Finally, in Fig. 8, we plot the dispersion strengthse(~’

Re[Dipole factor]

-0.25

-0.75

FIG. 7. DEP spectrunithe

4 5 6

and AsEnT’) as a function of the characteristic frequenciesrameters as in Fig. 1.
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05 ‘ T ‘ T IV. DISCUSSION AND CONCLUSION

In this study, we have investigated the crossover spectrum
G\ of two approaching polarizable particles in the presence of a
\ nonuniform ac electric field. When the two particles ap-
proach, the mutual polarization interaction between the par-
ticles leads to changes in the dipole moments of each of the
individual particles, and hence in the DEP crossover spec-
trum. This can be interpreted as a correlation effect analo-
gous to those seen in charged systé .

For charged particles, there is a coexistence of an electro-
phoretic and a dielectrophoretic force in the presence of a
nonuniform ac electric field. The DEP force always points
towards the region of high field gradient. It does not oscillate
with the change of direction of the field. In contrast, the
electrophoretic force points along the direction of field, and
hence is oscillatory under the same conditions. How to sepa-
rate the DEP force from the electrophoretic force is a ques-
tion of interest in many experimental setyps23. In differ-

FIG. 8. Dispersion strength vs the characteristic frequency fol€nt frequency ranges, either the electrophoretic force or the
different medium conductivities. Parametes=0.12V, »=1.0 DEP force dominates, and the transition from one to the
X103 Kg/(ms), R/D=1.03, €;=2.25,, u=0.033 C/mf, > other occurs at a frequendy,, which has been approxi-
=0.014 Sri/mol. The lines are drawn as a guide to the eye. mately determined4]. Here, we have chosen a frequency
region where electrophoretic effects are negligible and the
DEP force dominates. In addition, although we are at finite

one dispersion exist. Figure 8 shows, however, that subdid€mpPerature, Brownian motion is not included in our analy-

persions with strength €., and characteristic frequendy;. ﬁ's' In exge(;!;?_enlts Brpwg_la}n motlﬁn IS _alw?ys bpre_sent and
. . S . _has posed difficulties in dielectrophoresis of submicrometer

coexist, and most of them lie c_Iose to the main d|sper3|oq. articles. However, with current techniques it is possible to

Thus, the spectral representation theory helps us to gai cess also this rangé,5)

more detailed information about the system and it provides a o

: . N One of the interesting questions is what happens, when
detailed comparison between the longitudinal and transversge \olume fraction of the suspension becomes large. It turns
field cases.

- o . out that it is possible to extend our approach by taking into

_ Atagiveno,, for the longitudinaltransversgfield case,  account local field effects which may modify the DEP cross-
increasingm leads to corresponding subdispersions in thegyer spectrum. Work is in progress to address these ques-
characteristic frequency due to the presence of multiple imtions. In addition to dielectrophoresis, the extension of the
ages. The crossover frequencigsare 3.4%10° Hz, 1.0  present approach is also of interest from the point of view of
X 10" Hz, and 1.4 10’ Hz (Fig. 8. From Fig. 8 we find electrorotation.

that at a lower medium conductivity(say, o,=1.0 To summarize, using the multiple image method, we have
x 10" 4 S/m), multiple images have a stronger effect on thebeen able to capture mutual polarization effects of two ap-
DEP spectrum for the longitudinal field case than for theproaching particles in an electrolyte. Using spectral represen-
transverse field. This is also apparent in Fig. 7 as well. Moretation theory, we derived an analytic expression for the DEP
over, for longitudinal field case the multiple images play aforce, and using that the crossover frequency was deter-
role in the low frequency rangé.e., smaller tharf.). For mlneq. F.rom the theoretical analysis, we find that the mutual
the transverse field the situation is the opposite. At a largePolarization effects can change the crossover frequency sub-
o, (say, 0,=5.0<103 S/m or 0,=1.0x10"2 S/m), the Stantially.
subdispersion strengths for the two cases have only a minor
difference. These observations may partly explain the results ACKNOWLEDGMENTS

of Green and Morgah13] whose data suggests that there  This work has been supported by the Research Grants
exists a dispersion below the frequencies predicted by th€ouncil of the Hong Kong SAR Government under Project
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